We show how the theory of the critical behaviour of d-dimensional polymer networks gives a scaling relation for self-avoiding bridges that relates the critical exponent for bridges γ b to that of terminally-attached self-avoiding arches, γ 1,1 , and the correlation length exponent ν. We find γ b = γ 1,1 + ν. We provide compelling numerical evidence for this result in both two-and three-dimensions. Another subset of SAWs, called worms, are defined as the subset of SAWs whose origin and end-point have the same x-coordinate. We give a scaling relation for the corresponding critical exponent γ w , which is γ w = γ − ν. This too is supported by enumerative results in the two-dimensional case.
Introduction
A little more than thirty years ago, one of us (BD) gave an exhaustive treatment of the critical exponents of polymer networks [9, 10, 11] , either unconstrained or interacting with a surface. A typical such network is shown in Fig. 1 .
The key result among many is that the configurational critical exponent associated with such a (monodisperse) d-dimensional polymer network G is given by
Here V is the number of bulk vertices, V S is the number of surface vertices, n L is the number of L-leg vertices floating in the bulk, while n S L is the number of L-leg vertices on or constrained close to, the surface. N denotes the number of chains in the network.
The intuitive meaning of formula (1) for such a configurational exponent γ G is clear: the first two terms correspond, via the correlation lengh exponent ν, to the Euclidean phase space of the (bulk and surface) vertices of the network, the x L and x S L exponents Figure 1 : A polymer network G interacting with a surface. This network has 3 surface vertices, n S 1 = 1 with one leg, n S 3 = 2 with three legs; 6 bulk vertices, of which n 1 = 3 have one line, n 3 = 2 have three lines, and n 4 = 1 has four lines attached. To eliminate overall translational invariance, one (and only one) vertex is fixed along the surface. The network has N = 10 lines.
correspond to the reduction in phase space induced by both linkage and self-and mutual avoidance in each L-star vertex, and the last term, N −1 corresponds to the constraint of monodispersity in the N arms of the network (i.e., their respective lengths, or monomer numbers, all scale similarly).
For an unconstrained network in the bulk, with no surface, dV must be replaced by dV − 1, as otherwise one is counting all translates. A non-trivial result, of course, is that such a reduction to individual vertices holds true; it can be obtained in 2 dimensions from conformal field theory [9, 10, 11] , or from a two-dimensional quantum gravity approach [12, 13] , and in generic dimension d, from renormalization theory [24] .
In two-dimensions, the bulk conformal weights ( 1 2 )x L , and surface conformal weights x S L , associated with L−vertices, are explicitly given by [10, 12, 14, 21, 22, 23] x
with 1/ν = 2 − x 2 = 4/3. In d-dimensions, they have the general form [11] ,
where the first terms are the Brownian scaling dimensions x B L := L 2 (d − 2) and x B,S L := L 2 d, whereas the second ones, x L , x S L , represent the anomalous contributions from self-and mutual avoidance. At first order in ε := 4 − d, the latter are given by
, while being explicitly known to higher orders in ε [24, 15] .
If there is an attractive surface fugacity a = exp(− /k B T ), where is the energy associated with a monomer of the walk lying in the surface, then this has no effect on the critical point or critical exponent of the network provided that a is less than its critical value a c > 1, where a c is called the critical fugacity. Precisely at the critical fugacity, the exponent changes discontinuously. This is called the special transition, and the corresponding expression to eqn. (1) follows straightforwardly by replacing the scaling dimensions x S L (2) by their values at the special transition,
This extension to the case of the special transition in two-dimensions was given by Batchelor, Bennett-Wood and Owczarek [2] , who also studied the mixed case of some surface vertices being at the critical fugacity and others not. For a > a c the location of the critical point varies monotonically with a, and the exponents change to integers, corresponding to poles in the generating function. In this paper we will only consider the situation a ≤ a c , which corresponds to the most interesting physics. We first show how the key result (1) reproduces known exponent values and scaling laws for self-avoiding walks (SAWs) and their surface restricted counterparts, and then show how this can be extended to handle the case of bridges.
Bulk and surface self-avoiding walks.
A self-avoiding walk (SAW) on a lattice is an open, connected path on the lattice that does not revisit any vertex that has been previously visited. Walks are considered distinct if they are not translates of one another. If there are c n walks of length n, each walk occurs with equal probability 1/c n . It is known that lim n→∞ n −1 log c n = log µ exists [17] , where µ is the growth constant of self-avoiding walks on the lattice.
While our primary result holds for all regular lattices, our numerical work will be confined to SAWs on the d-dimensional hypercubic lattice Z d , with the vertices having integer coordinates {x
An n-step bridge is a self-avoiding walk in the upper half-space through the origin that starts at the origin and is constrained (i) to have co-ordinate x
The number of n-step bridges from the origin is denoted by b n . It is known that lim n→∞ n −1 log b n = log µ, where µ is unchanged from the corresponding value for SAWs [18] . The generating function for bridges is B(x) = n≥0 b n x n , and we denote bridges spanning a strip of width T as B T (x) = n≥0 b n (T )x n . One of the few rigorous results known about bridges, proved by Beaton et al. in [3] , is that
A terminally attached walk (TAW) is a SAW with one end anchored in the surface, but with the rest of the walk free in the upper half-space. Clearly TAWs are a superset of bridges, and a subset of SAWs, so have the same growth constant.
The next subset of SAWs we wish to consider are arches, which are SAWs in the upper half-plane with both the origin and end-point constrained to lie in the (d − 1)dimensional surface. That is to say, x (0)
As the number of arches is bounded above by the number of SAWs and below by the number of self-avoiding polygons (SAPs), which are known to have the same growth constant as SAWs [19] , it follows that arches also have the same growth constant as SAWs.
The last subset we consider is that of worms. A worm is a SAW with origin and end-point coordinates satisfying x (0)
d . This is also a condition imposed on arches, but without the upper half-plane constraint satisfied by arches. These are clearly a subset of SAWs and a superset of arches, so again have the same growth constant as SAWs. The number of n-step worms is denoted w n .
The results on growth constants are essentially the only results that have been proved. Nevertheless, it is universally accepted that the asymptotic behaviour of the above objects is given by:
for SAWs, bridges, TAWs, arches and worms respectively. In two dimensions, it is believed that γ = 43/32, that γ 1 = 61/64 and that γ 11 = −3/16. As far as we are aware, until very recently there have been no published estimates for γ b or γ w , but as pointed out in [7] , last century one of us (AJG) estimated the value of this exponent in the two-dimensional case by series analysis to be 9/16. Subsequently, much longer series were calculated by Iwan Jensen, which enabled this estimate to be conjectured with much greater confidence. Somewhat later, Alberts and Madras (private communication) obtained the estimate γ b = 9/16 for two-dimensional bridges using SLE arguments, subject to certain unproven assumptions, but this work was never published.
In [8] both SAWs spanning a strip and bridges were discussed, and comparisons made with conjectured results from SLE 8/3 . By arguing that the measure of bridges starting at 0 and ending at x + iy should be y −5/4 f (x/y) for an (explicit) function f that decays exponentially, Lawler (private communication) has provided a simple heuristic argument that predicts γ b = (3/4) 2 = 9/16, as above.
Another critical exponent that needs to be defined is that characterising the length of a SAW. Any standard measure of length, such as mean-square end-to-end distance, mean-square radius of gyration, squared caliper span etc., all behave as const. × n 2ν , where in two dimensions it is accepted that ν = 3/4.
These exponents are not all independent. There is a scaling relation, due to Barber
which holds independent of dimension. As we show below, this also follows from (1) . For TAWs and arches (as well as for bridges and worms), L = 1, and from (2) and (3) we find x 1 = 5 48 , x S 1 = 5 8 , and x S 1 (sp) = − 1 24 . From (1) we immediately have expressions for the exponents we discussed above. In particular,
and
Similarly, at the special transition, we immediately obtain
These results imply the Barber scaling relation above, and furthermore its extension to the exponents at the special transition. Notice that formula (1) cannot, at first sight, predict the exponent for bridges, as there seems to be no way to specify the constraint that the end point has maximal displacement in the direction normal to the surface hyper-plane. However, by considering networks confined between two parallel hyper-planes, a simple reinterpretation and extension of (1) will allow us to address this problem, and we do so in the next section.
Extension to bridge-like configurations.
Before deriving a result for the critical exponent of bridges, we will rederive a known result, that of the critical exponent characterising self-avoiding polygons. The number of 2n-step polygons on a hyper-cubic lattices is expected to behave asymptotically as
so the generating function has exponent 2 − α. SAPs anchored at a surface can be considered in two different ways, as shown in Fig 2. Firstly, as a single loop, anchored at the origin Fig 2(a) . In that case we have from (1) V S = 1, N = 1, n 2 = 1. It is also known [11] that in any dimension x S 2 = d. Thus we find
This is just the well-known hyper-scaling relation dν = 2 − α.
Another way of viewing the polygon is as a two-armed watermelon, with the topmost vertex being unconstrained Fig 2(b) , provided it lies in a parallel surface at maximal spacing between the two surfaces. So from (1) one has N = 2, V = 1, V S = 1, n S = 2. This gives
. Now the top-most vertex can be any of the n vertices of the polygon (i.e., seen here as a polydisperse 2-leg watermelon), so taking this into account the correct exponent for polygons is γ p + 1 = γ p . Note that γ p = −dν, obtained here for a surface anchored SAP, is just the well-known hyperscaling relation dν = 2 − α expected for a bulk SAP. The reason is exactly the same as before: the anchoring surface can also be seen as a virtual one, this time marking the bottom-most point of a bulk SAP, which does not change the configurational exponent of the SAP.
Turning now to bridges, a bridge can be considered as a SAW rooted at the surface, but with end-point free to move in the bulk, provided it lies in a parallel surface at maximal spacing between the two surfaces, just as the second vertex of the polygon previously considered. In this way we obtain from (1) that bridges can be described by networks with V = 1, V S = 1, N = 1, n 1 = 0, and n S 1 = 2. This gives the exponent for bridges as γ b = ν[2 − 2x S 1 ] = ν + γ 11 . In two dimensions it gives γ b = 9 16 , as expected. This is a new scaling relation, and can perhaps be more appealingly written as
It is obvious that γ 1 is bounded above by γ, and below by γ b . What is perhaps surprising is that it is precisely the average of these two exponents. However, this identity can also be rewritten as
which then allows for a simple graphical explanation. In Fig. 3 , the cancellation of identical vertices, performed separately on the left and right members of the equation, leaves the same set of remaining vertices on both sides of the equality, namely one bulk vertex and one surface vertex. Eq. (1) then yields Figure 3 : Identity (4) viewed as resulting from a "vertex algebra": ⊗ represents a 1vertex fixed in space, a free extremity represents a 1-vertex floating in the bulk, while a line anchored at a (continuous or dotted) segment represents a (real or virtual) surface vertex.
For the special transition, the origin vertex is at critical fugacity, so one of the two surface operators x S 1 has to be replaced by its value at the special transition. In this way we find
In two dimensions we have from (3) that x S 1 (sp) = −1/24, so this gives for bridges γ b (sp) = 17/16. Similarly, for polygons at the critical transition, one has γ p = ν[−x S 2 (sp)]. In two dimensions we have from (3) that x S 2 (sp) = 1/3, so in two dimensions, for SAPs at the special transition point, γ p (sp) = −1/4.
Three-dimensional TAWs and bridges.
In three dimensions the most precise results we have are from Monte Carlo analysis. Clisby [5, 6] has given the estimates ν = 0.587597 ± 0.000007, and γ = 1.156957 ± 0.000009. For γ 1 there are a few estimates in the literature based on rather short series. Some 30 years ago, Guttmann and Torrie [16] estimated γ 1 = 0.676 ± 0.009, while one of the few Monte Carlo estimates, already 20 years old, is by Hegger and Grassberger [20] who estimated γ 1 = 0.679 ± 0.002.
More recently Clisby, Conway and Guttmann [7] studied both TAWs and bridges on the simple-cubic lattice, using both series and Monte Carlo methods. The series results, based on the analysis of a 26-term series for TAWs and a 28-term series for bridges, and utilising Clisby's precise estimate of the critical point [4] , were γ 1 = 0.676 ± 0.002, and γ b = 0.199 ± 0.002. The Monte Carlo estimates were much more precise, being γ 1 = 0.677667±0.000017, and γ b = 0.198352±0.000027. In four dimensions all exponents are known to take their mean-field value (with logarithmic corrections), and the scaling relations are trivially satisfied.
From the epsilon expansions of Reeve and Guttmann [25] , it follows from the scaling relation that
where as before ε = d − 4. This evaluates to γ b = 0.6093 . . . , 0.2148 . . . , 0 for d = 2, 3, 4 respectively. These results are quite close to the numerical values given above.
Scaling law for worm configurations
Another subset of SAWs that is of interest are worms, as defined above. The exponent γ w can be predicted from Eqn. (1) if we take the two end-points to be surface vertices, so that V s = 2, and V = 0. However the vertices are otherwise unconstrained, so that n L = 2 and n S L = 0. This gives
Alternatively, we can give a simple geometric argument for the scaling relation γ w = γ − ν. The exponent for SAWs is γ. The end-point of a SAW is assumed to be radially symmetric, modulo lattice effects. The average length of an n-step SAW is proportinal to n ν , and so the proportion of SAWs ending on any particular radial line scales as n −ν . Taking the radial line as the x axis gives the exponent for worms as γ − ν. Thus for two-dimensional worms, we expect an exponent of γ w = γ − ν = 43/32 − 3/4 = 19/32. Iwan Jensen (private communication) has calculated the end-point distribution of square-lattice SAWs up to length 59. We can extract the coefficients of the worm generating function to the same order from this data, and series analysis we have performed confirms this prediction to five-digit precision. We have not carried out any enumerations for three-dimensional lattice worms, but the scaling argument given implies γ w (3d) = 0.56936 ± 0.000016.
Conclusion
We have given one example showing how Duplantier's theory of the critical behaviour of d-dimensional polymer networks can be extended to the situation where the networks lie between two parallel hyper-planes. In this way we have derived a new scaling relation for self-avoiding bridges that relates the critical exponents of bridges and terminallyattached self-avoiding arches, and the length exponent ν. We also give supportive results based on series and Monte Carlo enumeration data.
We have also derived a scaling relation for a subset of SAWs called worms. This has been verified numerically in the two-dimensional case by series analysis. It is also possible to extend the theory given in [11] more generally to polymer networks between parallel hyperplanes, as well as to the case of the tricritical polymer Θ-point, and this will be the subject of a future article.
